In this paper, we investigate extinction properties of nonnegative nontrivial solutions for an initial boundary value problem of a fast diffusion equation with a nonlocal source in bounded domain. By using the super-and sub-solution and the energy methods, we obtain some sufficient conditions for extinction and non-extinction of the weak solutions and give corresponding decay estimates which depend on the initial data, coefficients, and domains. MSC: 35K65; 35K20; 35B40
Introduction
We consider the fast diffusion equation with a nonlocal source Equation (.) describes the fast diffusion of concentration of some Newtonian fluids through porous media or the density of some biological species in many physical phenomena and biological species theories. It has been known that the nonlocal source term presents a more realistic model for population dynamics, see [-] . In the nonlinear diffusion theory, there exist obvious differences among the situations of slow (m > ), fast ( < m < ), and linear (m = ) diffusions. For example, there is a finite speed propagation in the slow and linear diffusion situations, whereas an infinite speed propagation exists in the fast diffusion situation.
Recently, many scholars have been devoted to the study on blow-up and extinction properties of solutions for nonlinear diffusion equations with nonlocal terms, see [-] . Extinction of a function is a phenomenon for which there exists a finite time T >  such that http://www.boundaryvalueproblems.com/content/2013/1/266 the solution is nontrivial on (, T) and then u(x, t) ≡  for all (x, t) ∈ × [T, +∞). In this case, T is called an extinction time. It is also an important property of solutions to nonlinear parabolic equations which have been studied by many researchers. For example, Kalashnikov 
by using the analysis of a self-similar solution. By constructing a suitable comparison function, Li and Wu [] considered the problem of a porous medium equation with a local source term
subject to homogeneous Dirichlet boundary condition (.) and initial condition (.). They obtained some conditions for extinction and non-extinction of the solutions to the above equation and decay estimates. On extinctions of solutions to the p-Laplacian equation or the doubly degenerate equations, refer to [, ] and the references therein. For equation (.) with p =  and N > , Han and Gao [] showed that q = m is a critical exponent for occurrence of extinction or non-extinction. Recently, Fang and Xu [] considered equation (.) with p =  and a linear absorption term, when the diffusion term was replaced with p-Laplacian operator in the whole dimensional space, and showed that the extinction of the weak solution is determined by competition of source and absorption terms. They also obtained the exponential decay estimates which depend on the initial data, coefficients, and domains. Thereafter, they obtained the same results for a class of nonlocal porous medium equations with strong absorption, see [] .
Motivated by the mentioned works above, we study extinction behaviors of the solutions for problem (.)-(.) in the whole dimensional space. The main tools we use are the super-and sub-solution and the energy methods to obtain some sufficient conditions for extinction of the solutions, and we give exponential decay estimates which depend on the initial data, coefficients, and domains. In fact, the energy method has a wide application, especially for the equations that do not satisfy the maximum principle (cf.
[]).
Our paper is organized as follows. In Section , we give preliminary knowledge including lemmas that are required in the proofs of our results. In Section , we obtain a critical value for extinction of the solutions to problem (.)-(.) by using the modified comparison principle and give the decay estimates for the extinctions of the solutions in Section . http://www.boundaryvalueproblems.com/content/2013/1/266
Preliminaries and main results
Due to the singularity of equation (.), problem (.)-(.) has no classical solutions in general, and hence it is reasonable to find a weak solution of the problem. To this end, we first give the following definition of a weak local solution. Let ϕ(x) be the unique positive solution of the following linear elliptic problem:
Throughout this paper, the constants M and μ are defined as M = sup x∈ ϕ(x) and μ = ϕ p m (x) dx. The existence of local solutions can be obtained by utilizing the method of the standard regularization, and the regularities of the solutions can be derived by the argument similar to that in [] . Since the regularization procedure is important to showing the uniqueness of the solution to problem (.)-(.) for some special cases, we sketch the outline below.
Consider the regularized problem
where T >  can be chosen sufficiently small so that there exists a solution u k of (.) on Q T for every k ∈ N and u k ∞ is bounded for all k. Furthermore, Since the sequence {u k } is monotone and bounded, we may define U(x, t) ≡ lim k→∞ u k (x, t), and it is easy to see that U(x, t) is a solution of (.)-(.). Furthermore, if u is a solution http://www.boundaryvalueproblems.com/content/2013/1/266 of (.)-(.), we then have
Here, we have used the fact ∂ξ ∂n ≤  on ∂ to derive this inequality.
Define the functions , F, and G as
and
and let ϕ u = u m , we then have
and we also have F, G ∈ L ∞ . We can choose sequences of smooth functions n , F n , and G n such that n → , F n → F, and G n → G in L  (Q t  ) and also find a constant γ for which η < n < γ for all n. Let ξ ≡ ξ n denote the solution of the problem
where χ is a smooth function and has compact support in with  ≤ χ ≤ . From Lemma . in [], we can find some constants C  and C  such that  ≤ ξ ≤ C  and http://www.boundaryvalueproblems.com/content/2013/1/266
To establish the uniqueness of solution to problem (.)-(.) for some special cases, it only remains to prove that the reverse inequality is also true. The desired result can be seen in the following proposition. Proof We only need to show the uniqueness of solution.
Proposition 
Let u be an arbitrary solution of (.)-(.), and let u k denote the solution of (.). We then have
Choosing the unique positive solution ϕ(x) of (.) as a testing function ξ (x, t) and noticing
Letting k → ∞, we obtain
The above inequality together with the fact U ≥ u guarantees that u ≡ U.
The following comparison principle and lemmas will play a crucial role in what follows, but the proofs of them are simple, and so we omit them here (see [, ] ).
Proposition  (Comparison principle) Let u and v be nonnegative bounded super-and sub-solution of (.)-(.), respectively, with u
≥ δ for some δ > . If v(x, ) ≤ u(x, ), then v ≤ u on Q T .
Lemma  Suppose that k and α are positive constants, with k < . If y(t) is a nonnegative absolutely continuous function on
we then have the decay estimate
where
.
Lemma  [] Suppose that  < k < m ≤  and y(t) is a nonnegative function solving the problem
where α and γ are nonnegative constants. If γ < αy
-ηt for all t ≥ .
Extinction and non-extinction
In this section, we construct suitable super-and sub-solution to determine whether there exist extinction phenomena for the solutions of problem (.)-(.). Proof We will prove this theorem by constructing a proper super-solution. Let ϕ  (x) be the unique positive solution of the following elliptic problem: 
where A >  is a constant large enough so that u  ≤ Aϕ
 (x), and then it can be easily seen that v(x, t) also vanishes from the time T  .
On the other hand, one can directly verify that v(x, t) is a super-solution of (.)-(.) for any fixed T such that  < T < T  . There exist two positive constants C  and C  such that
Since T < T  is arbitrary, one can see that u(x, T  ) ≡  for some T  < T  . Then it follows from Proposition  that u(x, t) ≡  for all t ≥ T  , which implies that u(x, t) vanishes from the time T  . 
Theorem 
, where min x∈ ϕ(x) =  and H = max ϕ  m (x). One can see that the following condition is sufficient to guarantee (.): t), we obtain the integral equality
We then have v >  for  ≤ t < T and x ∈ , and v(x, T) =  for x ∈ . By Proposition , we conclude that u ≤ v for x ∈ and  < t < T . 
). It can be easily verified that v(x, t) is a sub-solution of (.)-(.) for p + q < m, if g(t) solves the problem
g (t) = M - m -g m (t) + aμM q m g p+q ;
g() = , g(t) >  (t > ).
If p + q = m and aμM q m > , choose g(t) to be the solution of the problem
g() = , g(t) >  (t > ). Then v(x, t) is also a sub-solution of (.)-(.). Hence, it follows from the sub-solution comparison principle that U(x, t) >  in × (, ∞).
Remark  It can be seen from Theorems - that when p + q < m or p + q = m and aμM q m > , the maximal solution U(x, t) is positive for all t > , which means that the effect of the source term is, in some sense, strong and the diffusion term cannot dominate the source term. However, when p + q > m and a ≤ 
Decay estimates
In Section , we have used the super-and sub-solution method to obtain some sufficient conditions on extinction for the solutions of problem (.)-(.), but we cannot obtain the decay estimates by the method. Therefore, we adopt other approximation techniques, i.e., the energy method and the differential inequality technique to obtain corresponding decay estimates which depend on the initial data, coefficients, and domains. 
where γ  >  is an embedding constant, and C  and T  will be determined later. 
where γ  >  is an embedding constant, and C  and T  will be determined later;
, and | | < [ By using the Sobolev embedding inequality, one can show that there exists an embedding constant γ  (N, ) such that
where s  ≥  will be determined later, i.e.,
, and let s = . Then s  ≥ , since  < m < . From the above inequality with the constant s  and s, we obtain the inequality
. By Lemma , we then obtain its decay estimates,
Secondly, we consider the case N > .
(a) For m such that
N- N+
≤ m < , multiplying both sides of equation of (.) by u m and integrating the result over , we obtain
By the Sobolev embedding and Hölder's inequalities, one can show that
and hence we get 
and u  small enough, the unique solution u(x, t) of (.)-(.) vanishes in finite time, with the following decay estimates:
where γ  >  is an embedding constant, α  is a suitable constant, and C  , T  , T  will be determined later.
p+q-m +m and u  small enough, the unique solution u(x, t) of (.)-(.) vanishes in finite time, with the following decay estimates: 
where γ  >  is an embedding constant, α  is a suitable constant, and C  , T  , T  will be determined later.
Proof Multiplying both sides of equation (.) by u s (s ≥ ) and integrating the result over , we obtain
We first consider the case p + q ≤ .
Using Hölder's inequality and the Sobolev embedding inequality, one can show that
By Lemma , one can see that there exists a constant α  >  such that  ≤ u(·, t) 
